Comprehensive Exam Fall 2026

Mathematical Statistics

Instructions

There are two parts in the exam. Solve only three out of the four problems in each part.
Indicate which three problems you have chosen to solve. Only first three solved problems
in each part will be graded.

Start each problem on a new sheet of paper; label the problem number clearly.

Define all variables that are introduced in solving the problems.

No calculators or electronic devices are allowed.

Justify all answers and show all work.



Part 1.

1. Suppose that the joint pdf of (X1, X,, X3) is given by

1 1
f(x1, %5, x3) = (2m)~3/?exp {— > [xZ + x5 + x§]} (1 + X1 X,X3€eXp {— 5 [x? + x% + x2 — 3]})
for —oo < x4, x5, x3 < 0.
a) Show that X;, X,, X5 are dependent random variables.

b) Show that each pair (X7, X,), (X5, X3) and (X;, X3) is distributed as a bivariate normal

random vector.

2. Suppose that Xy, -+, X,, are iid N, (u, ) where u € R? and X is a 2 X 2 positive definite
matrix, n = 2. Letus denote X =n 1Y X;and W = Y11, (X; — X) (X; — X)'. Prove the

following sampling distributions:
a) X is distributed as N, (u, n™1Y).
b) n(X — n)'271(X — p) is distributed as y3.

3. Suppose that Y;, -+, Y}, are independent random variables where Y; is distributed as N(X;[3, 1)

with (X;)1x, being the fixed vector, 8,5, being the unknown parameter vector, for i = 1,--,n.
Assume the prior of § ~ N, (b, C), with b being the known mean vector and C being the known

covariance matrix. Derive the posterior joint density of § given Yy, -+, Y,,.

4. Suppose that Y3, .-+, Y,, are independent random variables where Y; is distributed as
N(By + B1x;, 6%) with unknown parameters f3y, ;. Here, o (> 0) is assumed known and x;’s

are fixed real numbers with 8 = (B, ;) € R?,i =1,---,n,n = 2. Denote a = 3=, (x; — X)?
with X = %Z?ﬂ x; and assume a > 0. Suppose that the MLE’s for 5, and f; are respectively

denoted by By, B;. Now, consider the following linear regression problems.

a) Write down the likelihood function of Y3, -+, Y,,.

b) Show that B; = i2?=1(xi — %) Y; and B; is normally distributed with mean g, and

variance 02 /a.



¢) Show that B, = Y — B, % and B, is normally distributed with mean 8, and variance
2[1 2
g [n + a]'
Part 2.

1. Let V,7,,...,Y be arandom sample from a population with density function
2

3
f10)=1 6"~
0, elsewhere.
a) Show that ¥, =max(Y,Y,,...,Y,) is sufficient for 6.
b) Show that ¥, has probability density function
3n-1
Jo10)=1 6
0, elsewhere.

0<y<é

, 0<y<@

¢) Estimate @ by the method of moments.

i=1 !

2. Let X,,i=1,2,...,n, be independent Bernoulli p random variables and let ¥ = lzn X,.
n

a) Show that Jn (Y, - p) > N(0, p(1- p)) in distribution.

b) Show that for p # 1/2,\/;(Yn (1-Y,)- p(1- p)) = N(0, p(1- p)(1-2p)*) in distribution.
3. X,,..., X, be arandom sample froma N(0,5%), and let Y,,...,Y, be a random sample from a

2
N(0,07) , independent of the Xs. Define A = G—g .
CTX’

a) Find the level a LRT of H : A= 4,.

b) Express the rejection region of the LRT in (a) in term of an F' random variable.

¢) Find a 1-«a confidence interval for 4.

4.Let X|,...,X, be arandom sample from exponential (&) with the density function of

f(x;@)z%eé, x>0, 6>0.

a) Find a UMP size o testof H:0 =0, versus H, :0>0,.



b) Find a UMA 1-«a confidence interval based on inverting the test in part (a). Show that

the interval can be expressed as

C (xl,...,xn):{é’:OSHS ;x}

Zzn,a




